I. INTRODUCTION
CoCl 2 ·2H 2 O has previously been considered to be a fair representation for a one-dimensional Ising system, however, as shown by Larsen et al. [1] , the quantum phase transition of the system in a transverse field is characterized by critical exponents equal to those derived for a three-dimensional, meanfield system. Here, we are going to present a comprehensive and realistic model for the magnetic properties of CoCl 2 ·2H 2 O. The theory is based on clusters with four neighboring spins along the c-axis chains, and includes the effects of the excited doublet of the single Co spins.
The question whether Bloch oscillations may exist in magnetic systems and, in particular, in the Ising-like chain system CoCl 2 ·2H 2 O has been raised several times in the literature. The most recent and most realistic analysis is the one presented by Shinkevich and Syljåsen [2] . Prior to their work, the possibility of observing Bloch oscillations in anisotropic spin- 1 2 chains was discussed by Kyriakidis and Loss [3] . Shinkevich and Syljåsen argue that the longitudinal field deriving from the interactions between spins on neighboring chains invalidates the single domain-wall picture of Kyriakidis and Loss by creating bound pairs of domain walls [2] . The dynamic of the bound pairs of walls, in the antiferromagnetic phase of CoCl 2 ·2H 2 O, becomes equivalent to that shown by the spin waves and additional magnon bound states or, more specifically, by the spin reversal of clusters of spins consisting of 1, 2, 3, or more spins along the c-axis chains. These excitations were observed in CoCl 2 ·2H 2 O by means of far-infrared transmission measurements, and explained in all details, in a pioneering work by Torrance and Tinkham [4, 5] .
The present cluster theory accounts both for the spin waves and for the spin cluster excitations with the same set of parameters, which parameters are fully consistent with the paramagnetic susceptibility tensor and give a fair account of the low-temperature magnetization curves. The predictions made by this theory compare in most practical details with those made by Shinkevich and Syljåsen [2] , and thus favors their basic argument that the dynamics of this chain system derives from bound pairs of domain walls. Of major importance for the development of the model is our investigation of the excited doublet by a neutron time-of-flight experiment. We also present measurements of the spin waves, where the moments are rotated away from the easy axis by applying a field of up to 170 kOe, with most focus on the soft mode behavior shown by the spin waves close to the quantum-phase transition, where the antiferromagnetic ordered is destroyed [1, 6] .
The crystal structure of CoCl 2 ·2H 2 O, or of the deuterated version CoCl 2 ·2D 2 O applied in neutron scattering experiments [7] , is monoclinic and belongs to the space group C2/m. The structure consists of chains of Co ++ ions along the c axis. The different chains are separated by the water molecules. There are two Co sites with identical surroundings per monoclinic unit cell, at (0,0,0) and ( 1 2 , 1 2 ,0). More details and a figure illustrating the crystal structure may be found in our preceding publication [1] . A quite complete model for the magnetic properties of the bulk system has been established by Narath [8, 9] . Below the Néel temperature T N 17.5 K, the chains are ferromagnetic ordered, but the moments on the chain through ( 1 2 , 1 2 ,0) are antiparallel to the moments belonging to the chain through (0,0,0). The system is strongly anisotropic and may in some respect be classified as an Ising system, but it is also clear that the dynamics, we are going to discuss, would not be there if not for the interactions between the x and y components of the spins. The spins are strongly coupled along the chains implying that it shows some one-dimensional-like properties, but the ratio between the inter-and intrachain couplings is not really small but about 0.4. The system bears resemblance with another Co compound CoNb 2 O 6 , but in this system the ratio is much smaller, about 0.02, and its one-dimensional character is more pronounced [10] .
II. THE MODELING OF THE CO SPIN SYSTEM
Co compounds are, generally, strongly anisotropic systems and may show Ising-like behavior in low-symmetry surroundings. The CoO compound has recently been investigated by Cowley et al. by high-energy scattering of neutrons [11] , and one of their conclusions is, that although the anisotropy is strong, the crystal-field effects on the Co ions are still within the weak coupling limit. Accepting this to be valid also for the Co ++ ions in CoCl 2 ·2H 2 O, we have used the approach of Abragam and Pryce [12] , corresponding to the intermediate ligand field theory of Abragam and Bleaney [13] , for constructing a realistic model for the lowest levels in the Co ++ ions. The lowest term in the 3d 7 configuration of the free Co ++ ion is the 4 F term, while the energy difference to the next lowest one, 4 P , is E P 1.7 eV. The Hamiltonian for the single Co ++ ion, when being in the ground state term with S = 3/2 and L = 3, is assumed to be
expressed in terms of Stevens operators [13] [14] [15] , e.g., O 0
The effects due to the next lowest term 4 P with L = 1 are included in the model calculations, which requires the Stevens operators in Eq. (1) to be replaced by the corresponding tensor operators proportional to the Racah operators. The matrix elements of these tensor operators for the combined 4 F − 4 P system are given (indirectly) in Ref. [12] . For the sake of simplicity, the parametrization of Eq. (1) has been kept. In particular, the B m coefficients of the Stevens Hamiltonian, giving the splitting of the L = 3 ground multiplet in the limit of crystal field small with respect to E P , are used. The Racahs parameters useful for the solution of the twomultiplet problem are simply related to the B m coefficients by numerical factors [14] . Although the 4 P term is lying far above the ground state, it is important for determining the splitting between the two lowest doublets, and it also have perceptible effects on the wave functions of the ground-state doublet. Any other terms than these two lowest ones are neglected. The first crystal-field term in Eq. (1), B 0 4 , has cubic symmetry and accounts for the major bulk effects of the crystal field without making any distinction between an x, y, or z direction. Defining the main axes of the anisotropy tensor so that z is the easiest axis, i.e., the b axis, and y the hardest one [1] , it may, effectively, be accounted for by the two quadrupolar terms in Eq. (1) with B 0 2 < 0 and B 2 2 < 0. The fitting parameters are the three crystal-field parameters and E P , whereas the spin-orbit coupling ζ has been fixed to the value assumed by Narath [9, 12] .
The final values of these parameters determining the low energy properties of the single Co ++ ions are given in Table I . The spectrum derived from the parameters in the table consists of two Kramers doublets separated by 18.8 meV, whereas the next excited doublet lies at about 100 meV above the ground state. Considering that the energy changes due to the interaction with other Co moments or to an applied field are of the order of a few meV, the influences due to the third or higher-lying doublets are weak and may be neglected in most cases. This leaves us with a two-doublet system, which may be described TABLE II. The effective g factors for the ground state doublet, as defined by Narath [9] , and determined by the matrix elements within the doublet. in terms of an effective S(eff) = 3/2 model. Our model for the Co ++ ions is similar to the one developed by Narath [9] . He placed the excited doublet state at the slightly lower energy of ∼16.9 meV, but the properties of the ground state in his model are close to that determined by the parameters in Table I . A comparison between the results of the two models for the effective g factors of the ground state doublet, as defined by Narath [9] , is shown in Table II . The total effective g factor for the ξ axis is the sum of the spin and orbital g factors: g ξ = g ξ S + g ξ L . We have to stress that the parameters in Table I are Table II , or the other calculated results reported in this paper.
The interactions between the Co moments are assumed to be due alone to Heisenberg exchange between the Co spins:
The exchange parameters, which in combination with the single ion parameters in Table I define the final model, are given in Table III . The interaction J 0 between nearest neighbors along the c axis is an order of magnitude larger than any other exchange parameter. The simple mean-field (MF) and randomphase (RPA) approximations, where the basis is the single spins, treat all interactions on equal footing and may not be trusted in this case. One way to improve these approximations is to use clusters of strongly coupled spins as basis instead of the single spins. This leads to clear improvements in the cases of dimer, trimer, or tetramer systems (see, for instance, Refs. [16, 17] ). In the present case of chains of strongly coupled spins, we have considered clusters consisting of 2, 3, or 4 Co ++ neighboring ions along the c-axis chains. The Hamiltonian for one cluster including all interactions between the constituents and the mean fields from the surrounding clusters, is diagonalized numerically, where the mean fields from the neighboring, equivalent clusters are being determined self-consistently by iteration. After that has been done, we may TABLE III. The two-ion exchange parameters. The position vectors r i − r j in J (i,j ) = J ( r i − r j ) are given in terms of the lattice vectors a, b, and c.
0.66 −0.08 −0.045 −0.085 −0.025 calculate the generalized susceptibility tensor for one cluster and from this the cluster RPA response functions [15] [16] [17] [18] . The division of the chains in sections with, for instance, four ions in each, introduces an extra, artificial periodicity of the system. This may result in spurious peaks in the correlation functions, but this is not a serious problem, since the extra peaks are weak and are easily identified in most cases. The previous analyses of the magnetic excitations in CoCl 2 ·2H 2 O apply an approximation, where the excited doublet is neglected [5, [19] [20] [21] . The relation between the exchange parameters of the S(eff) = 1/2 model used in these papers and the ones in Eq. (1) or Table III , is (ξ = x, y, or z)
in terms of the spin g factors in Table II . The extra factor 1/2 is due to the factor 1/2 in front of the sum in Eq. (1), which is left out in the definition of the exchange parameters in Refs. [5, [19] [20] [21] . Two important parameters characterizing the anisotropy of the S(eff) = 1/2 model are
where the numbers are determined by the g ξ S values in Table II with Narath's results given in parentheses. In the Heisenberg spin model assumed here, Eq. (2), the two parameters are independent of the pair of spins (i,j ) considered.
Preliminary analyses of CoCl 2 ·2H 2 O using the cluster theory, but with slightly different values for the parameters, have been presented by Jacob Larsen in his Master and Ph.D. theses [22] . In the next sections, we are going to compare the predictions of the present model with experiments.
III. SINGLE-ION PROPERTIES AND MAGNETIC ANISOTROPY
An important property of the Co ++ ion is the position of the lowest excited doublet. Model calculations were able to predict about the right energy, and that the scattering intensity of this level should be somewhat larger than that shown by the spin waves in the antiferromagnetic phase. The higher lying doublet excitation was measured at the direct time-of-flight spectrometer MARI (ISIS, Rutherford Appleton Laboratories, UK). The experimental details are presented in Ref. [1] , and the results are summarized in Fig. 1 . Because of the Q 2 dependence of the phonon cross section, in contrast to a decreasing magnetic intensity for increasing Q, the phonons appear with much increasing weight, when the radius of integration in Q space is changed from 4 to 9Å . This implies that we may assign the scattering accounted for by the calculated blue line, which scattering is more or less unaffected by the change of integration interval, to be magnetic, whereas the remaining part, which is roughly changed by a factor of 2 by the change in integration volume, is due to the phonons.
To leading order, the powder averaging over Q space leads to a scattering peak at an energy derived for an excitation in Q space, where the exchange interaction vanishes, and with a linewidth determined by the band width of the excitations convoluted with the experimental resolution function. The use of this approximation leads to the results shown by the solid blue lines in Fig. 1 . Both the intensity scale factor and the resolution function, a Gaussian with σ = 1.6 meV, are assumed to be the same at 5 and at 100 K. The results at 100 K show clearly that the excited doublet is placed at about 19 meV above the ground state doublet in the paramagnetic phase. In agreement with the calculations, the peak is shifted up in energy by about 2.5 meV in the antiferromagnetic phase at 5 K. It is also worth to notice that the peak is broader, both experimentally and theoretically, at 100 K compared to the result at 5 K. The calculated extra broadening at 100 K is genuine and derives from that the ground state doublets of the single spins are modified into a broad distribution of states due to the internal interactions within the spin clusters.
The experimental susceptibility components in the paramagnetic phase are compared with the results derived from our model using three different approximations in Fig. 2 . The three approximations all apply, eventually, the MF approximation, but start out from three different bases. The version based on the 1D chain is presented in the Appendix. The Néel temperatures predicted are 29.8, 23.4, and 19.0 K for, respectively, the single spin, four-spin cluster, and the 1D-chain approximation. The smaller the difference is between the predicted one and the experimental value T N 17.5 K [7, 8] , the better is the approximation, and we may conclude that the use of the four-spin chain cluster instead of the single spin basis leads to clear improvements. The fit shown in Fig. 2 is in closer agreement with experiments than that obtained by Narath (see Fig. 12 in Ref. [9] ) implying that the present g factors in Table II should be more trustworthy than those derived by Narath from his analysis of the susceptibility data. Figure 3 shows the magnetization curves along the three main axes measured by Mollymoto et al. at 1.3 K in the antiferromagnetic phase [23] . The calculated results are obtained using the 4-spin chain-cluster basis with S(eff) = 3/2. MF calculations using the single spins as basis show that the higher lying levels neglecting in the S(eff) = 3/2 model are of some importance at large values of the field and lead to a 1%-2% increase of the moments at maximum field along z or x, but about a 10% increase in the y-axis case. These extra contributions are added to the moments derived in the S(eff) = 3/2 cluster model in the final results shown in Fig. 3 . In the case where the field is applied along the easy b axis, the experiments show that there is an intermediate phase in between the low-field antiferromagnet and the highfield ferromagnet. This extra phase is analyzed in details by Torrance and Tinkham [5] , but is not included in the present analysis, since it is quite demanding to analyze by numerical methods. The calculated transition with field along z, is in good agreement with experiments, in the sense that the transition is predicted to occur in the narrow interval between the two experimental ones. The calculated critical field along the hard y axis is H y c = 411 kOe and the experimental value is 372 kOe. Similarly, the experimental critical field along the x axis is [23] , to arise from the field-induced mixing of the higher lying doublets into the ground state doublet, is accounted for in Fig. 3 , when assuming that the additional contributions from the 2 E term at about 2.3 eV above 4 F in the free Co ++ ion [11] and from other higher lying terms are negligible compared to the 4 P contributions. The MF value of the critical field along the x axis depends on p, where p is the number of spins in the cluster basis, and we get H x c = 201.2, 188.4, 184.1,, and 181.8 kOe for p = 1, 2, 3, and 4, respectively. Plotting H x c as a function of 1/p we get a straight line, and the extrapolated value for the infinite chain, 1/p = 0, is found to be H x c = 175 kOe. Similarly, we get H y c = 386 kOe when extrapolating to the infinite chain. The remaining minor differences between the infinite chain results and the experimental ones of 4%-8% may very well be due to that the MF approximation is still in use in the account for the interchain interactions.
IV. THE MAGNETIC EXCITATIONS
The neutron scattering results for the spin waves energies determined in the antiferromagnetic phase of CoCl 2 ·2D 2 O at zero field below 7 K are presented in Fig. 4 . The calculated results shown by the solid lines are derived using the fourspin chain basis. The antiferromagnetic ordering implies the presence of two spin-wave modes linearly polarized along either the x or the y axis, and the two spin wave branches are named according to their polarization. This naming only applies in the Brillouin zones around lattice points h a + k b + c , where h + k is even, whereas the two polarizations are interchanged when h + k is odd. The exchange parameters in Table III are mostly determined by the fitting of the dispersion relation in Fig. 4 . In comparison with the previous fits to the spin wave energies [19, 21] , we have introduced one more parameter, the next-nearest neighbor coupling J 0 along [21] . The results reported in Refs. [19, 20] are shown by squares and triangles, respectively. Open symbols refer to the x mode and filled ones to the y mode. The results of the fitting procedure to the excitation energies for the x and y modes are given by the blue and black lines, respectively. the chains, and allowed J 1 and J 1 to be different. We have to add, that the antiferromagnetic spin waves are only weakly dependent on the difference between J 1 and J 1 , and that J 1 is hardly distinguishable from the interaction J 1 between ions at r i − r j = ±( 1 2 a − c) ± 1 2 b. Torrance and Tinkham have studied the excitation spectrum in CoCl 2 ·2H 2 O at zero wave vector by means of far-infrared transmission measurements [5] . In addition to the spin waves they observed a number of resonances, which they explained to be due to magnon bound states or, more specifically, to spin reversal of clusters of spins consisting of 2, 3, or more spins along the c axis chains [4, 5] . Clearly, these extra resonances do not appear in a simple RPA theory based on the single spins. However, considering instead a basis of 2 or more neighboring spins along the chain, the RPA theory is capable of accounting for the extra excitations. The more spins included in the clusters, the more resonances appear and the more accurate the theory becomes. Numerical analyses of cluster models with up to seven spins with S(eff) = 1/2 indicate that the S(eff) = 3/2 model with four spins in the clusters can be trusted with respect to its predictions for the lowest three pairs of excitations, and that it also gives a fair description of the fourth lowest excitation pair (the dashed lines in Fig. 5 ). The structure stays antiferromagnetic below the critical field H c1 31.6 kOe, and it is ferromagnetic above H c2 45 kOe. Figure 5 shows the comparison between experiments and theory in these two phases. The only noteworthy discrepancy found in this comparison is that the calculations show no sign of the fifth mode (e 5 in the nomenclature of Torrance and Tinkham) above H c2 . Applying the simpler S(eff) = 1/2 model, the e 5 mode does appear at about the right energies, when using clusters with six or seven spins. In between the two critical fields, the spins are ordered in a ferrimagnetic structure and show the resonances expected, as discussed by Torrance and Tinkham [5] . Their experiments also revealed a coupling between the magnetic excitations and an optical phonon at about 3.63 meV. Nicoli and Tinkham have estimated that this optical phonon mode is most likely due to the hydrogen ions in the water molecules [24] . In general, the replacement of H with D only have weak influences on the magnetic properties, and in the actual case on the positions of the resonances. The only exception is that the hydrogen mode is shifted 10% down in energy to be around 3.3 meV as measured recently by terahertz spectroscopy [25] . [5] . The results are plotted against a field applied along the b(z) axis. The excitation energies calculated using the four-spin cluster model are shown by the solid lines. The transverse-mode labels x and y are only strictly valid for the spin wave modes (the two lowest lying modes) at zero field. Else, all modes labeled by x contain a minor elliptical y component, and the x component is also the dominant one in the y mode at fields above 10 kOe. The green horizontal line indicates the optical phonon branch, which is observed because this phonon interact with the magnetic excitations as discussed in Refs. [5, 24] . Figure 6 shows contour plots of the transverse correlation function calculated along (h 0 h/2) at zero field and at H = 0.75H x c applied along the easy axis within the a − c plane, i.e., the x axis. The transverse correlation function is proportional to the neutron-scattering cross section, when neglecting the minor correction due to form factor variations. The logarithmic scale is used in order to make the weak chain-cluster excitations visible. The neutron scattering cross sections at zero field of the two-and three-spin flip excitations, at about 6 and 7.5 meV, are a factor of 10 or more smaller than that of the spin waves. They become more intense, and more dispersive, when approaching the critical field along the x axis. However, the experimental conditions are difficult to handle when applying a large magnetic field, and the size/quality of the crystal is too poor to allow more than just the most intense spin waves to be observed (see next section).
The relatively small cross sections of the higher-order spin-flip excitations are in agreement with the results obtained by Shinkevich and Syljuåsen [2] . In order to make the higher-order excitations more visible, they propose to heat the system to temperatures close to the Néel temperature, at which temperatures it should be possible to observe low-energy transitions between the excited states. The present model calculations, particularly when using the S(eff) = 1/2 model with six-seven spins in the chain clusters, are consistent in most details with the results derived from the theory of Shinkevich and Syljuåsen. The estimates they present for the case of CoCl 2 ·2D 2 O are probably a little too optimistic, since they assume the anisotropy parameter j a defined by Eq. (4) to be j a = 0.21, a factor of 2 larger than the value derived here. In the low temperature case, the possibility for observing the higher-order cluster spin excitations by neutrons has turned out to be most favored by a field applied along the z direction [25] . The calculated results are obtained from the four-spin cluster model. The large peak derives from the x and the weak one from the y polarized excitation. Notice that these polarizations, and hence also the distribution of intensities, are the opposite of that applying in Fig. 4 . In spite of the large scatter in the experimental points, the agreement between the calculated and experimental results is sufficiently good to indicate that the theory predicts about the right relative intensities of the two spin wave modes.
V. HIGH-FIELD NEUTRON SCATTERING EXPERIMENTS
Like the scans at (0 3 0), the scans at (2 1 1) with the field along the x axis in Fig. 8 show a double peak structure. At this point and at fields 50 kOe, the lower one of the two spin wave modes at zero wave vector is the x-polarized mode, and it is the most intense one, since the intensity of the upper y-polarized mode is vanishingly small at zero field. (g y /g x ) 2 0.3 and the angle between the scattering vector and the y axis is small (∼16 • ). Applying the field the moments are rotated towards the x axis. The y-polarized mode becomes elliptical polarized in the y − z plane, giving rise to a strong enhancement of its cross section, whereas the creation of a static x moment implies that the dynamic x-polarized mode is weaken in intensity. At the phase transition, the antiferromagnetically ordered z component vanishes, and the moments become aligned along Approaching the critical field from below, the intensity of the x-polarized mode vanishes, and it is no longer present above the critical field. At the field μ 0 H = 14.9 T, i.e., at H/H x c = 0.93, the intensity of the x polarized mode is expected to be 30-40 times smaller than the intensity of the y − z polarized mode. The experiment at this field, presented in Fig. 8 , shows a broad peak centered at about 3.3 meV in addition to the narrow one due to the y − z polarized mode at 1.4 meV. The integrated intensity of the broad peak is as large as that of the y − z mode, implying that this peak is not the x-polarized mode but something else. If we assume that the broad peak is nonmagnetic and, hence, belongs to the background of the magnetic scattering, we get an acceptable description of all scans presented in Fig. 8 . It is most likely that the nonmagnetic peak is the optical phonon mode detected at 3.65 meV in the crystal with hydrogen [5] , and shifted in energy to be about 3.3 meV in the deuterated crystal [25] . This mode may hybridize with the x mode lying in the same energy range, whereas the y − z polarized excitation does not seem to be much influenced by the phonon mode.
The y − z polarized mode, which is present both above and below the transition, shows a soft mode behavior, i.e., the energy goes to zero, the intensity diverges, and the y component of the elliptical polarization vanishes in the limit of H → H x c . The soft-mode behavior of this mode has been studied in detail by neutron experiments performed in the close neighborhood of the transition [1] . The excitation energies derived from the neutron scattering scans displayed in Ref. [1] and those derived from the scans in Fig. 8 are presented in Fig. 9 . The four-spin cluster RPA model predicts that the energy of the soft spin-wave mode should be proportional to |H − H x c | 1/2 in a rather large interval around H x c , and, as shown by the good agreement between experiments and theory in Fig. 9 , the experiments lead to the same conclusion [1] .
VI. CONCLUSIONS
The four-spin chain cluster model developed here gives an accurate account of most experiments addressing the magnetic properties of the anisotropic Co-chain system CoCl 2 ·2H 2 O. This applies to previous experimental investigations as well as to the present determinations of the energy of the excited doublet and the behavior of the spin waves at high magnetic fields. One important conclusion drawn from our reanalysis of the spin waves is that the exchange interaction J 0 between next-nearest neighbors on the c-axis chains is significant. This interaction is going to modify the analytic results derived for the simple one-dimensional Ising model [10, 26] .
The S(eff) = 3/2 model is quite complex, since the 4 P term has to be included in order to get the right values for the wave functions and for the splitting between the two doublets. Fortunately, the simpler S(eff) = 1/2 model determined by the g factors in Table II and the effective exchange parameters  given by Eq. (3) in combination with Table III , may be an acceptable approximation in many investigations. For instance, the S(eff) = 1/2 model with clusters of 6 spins along the chains predicts spin-wave energies that deviate, at maximum, by only 4% from that shown in Fig. 4 .
The Ising character of the exchange interaction in CoCl 2 ·2H 2 O and in the similar chain system CoNb 2 O 6 is comparable [10] . The same applies to the magnitude of the nearest-neighbor chain interaction J 0 , however, the Néel temperature, reflecting the exchange interactions between spins on neighboring chains, is about six times higher in CoCl 2 ·2H 2 O than in CoNb 2 O 6 . In the ordered phase, the interchain interactions perturb the one-dimensional chain system with an effective longitudinal field. In comparison with CoNb 2 O 6 , this longitudinal field is relatively strong in CoCl 2 ·2H 2 O making the low-dimensionality features less pronounced. Actually, the only one-dimensionality marker left in CoCl 2 ·2H 2 O seems to be the bound magnon states due to the spin reversal of two or more neighboring spins along the chains, which were detected by far-infrared transmission and explained by Torrance and Tinkham [5] . However, it is worth to notice that the intrachain interaction is strong enough to make the simple MF/RPA theory untrustworthy. The MF approximation, where the basis is the single spins, overestimates the Néel temperature by 70% and the critical fields by about 30%.
In agreement with the theory of Shinkevich and Syljuåsen [2] , the present four-spin cluster calculations show that the neutron cross sections of any other excitations than the spin waves are small. The behavior of the magnetic excitations predicted by the cluster model calculations are in close agreement with a great variation of experiments, and all its more general predictions, also beyond what may be observed experimentally at present, are in substantial agreement with those derived from the theory of Shinkevich and Syljuåsen. This consistency allows us to conclude that the elementary chain excitations in CoCl 2 ·2H 2 O do not derive from the single domain walls, as assumed by Kyriakidis and Loss [3] , but from the bound pairs of domain walls considered by Shinkevich and Syljuåsen [2] .
The effective longitudinal field is canceled just at the critical transverse field H c , where the antiferromagnetic order is destroyed, implying that free oscillations of the single domain walls become a possibility just at this field. The excitations spectrum close to the quantum phase transition at the critical field H x c in the zero temperature limit was examined carefully in Ref. [1] and no sign of anything else but the spin waves were observed. The energy of the critical spin-wave mode is found to be proportional to |H − H x c | 1/2 on both sides of the transition. This soft mode behavior is similar with that shown by the three-dimensional Ising ferromagnet LiHoF 4 in a transverse field [27] , except that the closure of the energy gap is interrupted by the hyperfine interaction in the case of LiHoF 4 , whereas the softening is complete in CoCl 2 ·2D 2 O [1] .
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APPENDIX: THE SUSCEPTIBILITY BASED ON THE ISING CHAIN
The susceptibility tensor determining the heavy solid lines in Fig. 2 is based on the exact result for the susceptibility of the 1D Ising chain. To leading order, the system is considered to be an S = 1/2 Ising system, and all perturbations of this system are assumed to be accounted for by the MF approximation. By far, the strongest interaction between the magnetic moments in this system is the nearest neighbor exchange interaction, J 0 , between the b(z) components of the spins. Introducing the zz component of the local spin-spin susceptibility tensor, χ 0 S z S z = | S z | 2 /k B T , as determined by the matrix element of S z within the ground-state doublet, the exact susceptibility for the 1D Ising chain is
with S α = S z . The first perturbation of this result, that the actual spin-spin susceptibility is modified by the excited doublet, is simply accounted for by replacing the doublet susceptibility χ 0 S z S z considered above, with the one determined by the total doublet-doublet system of the single Co ions. When all other interactions than J 0 are neglected, the system becomes an XY Z-Heisenberg not an Ising chain. Exact results exist for the XY Z-Heisenberg chain (see, for instance, Ref. [28] ), but are difficult to apply. Since the x and y components are weak we assume, in accordance with the MF approximation, that the three components may be considered to be independent of each other, and, in that case, that all three diagonal susceptibility components are determined by Eq. (A1), with α = x, y, or z. The spin-spin exchange interaction also affects the orbital susceptibility components, and based on the MF approximation, the orbital 1D chain susceptibilities are
and
The last step is to introduce the remaining interactions J (0) − 2J 0 , and applying the MF approximation once again, the final results are
and the total magnetic susceptibility tensor is given by
